Abstract. We explain an experimental method to find CY-type differential equations of order 3 related to modular functions of genus zero. We introduce a similar class of CalabiYau differential equations of order 5, show several examples and make a conjecture related to some geometric invariants. We finish the paper with a few examples of seven order.
Introduction
Let M z be a family of Calabi-Yau n-folds parameterized by a complex variable z ∈ P 1 (C). Then periods of the unique holomorphic differential n form on M z satisfy a linear differential equation which is called differential Calabi-Yau equation. The purely algebraic counterparts of these equations with respect to the characterisation given in [8, Section 3] are called of CY-type. CY-type differential equations have very nice arithmetical properties which make them of great interest in number theory. For example, it is known that formulas for 1/π and 1/π 2 are related to CY-type differential equations of orders 3 and 5 respectively. For the moment, a satisfactory explanation of the family of formulas for 1/π 2 is not known. In this paper we introduce and study two interesting big families of Calabi-Yau differential equations of orders 3 and 5 respectively, and give a few examples of 7 order.
Duality
For a differential operator L = n i=0 a i ∂ i ∈ C(z) [∂] , its dual is given by
where ∂ k α is the operator
which comes from ∂α = ∂α/∂z + α∂, by induction. The properties of duality are [16] :
By one of their defining properties, CY-type equations L of order n are self-dual, i.e. there is a function 0 = α ∈ C(z) such that Lα = (−1) n αL ∨ . As for any function f (z), the differential equation f (z)Ly = 0 has the same solutions than Ly = 0, to be coherent we prove the following lemma:
Lemma 2.1. If L satisfies the CY or self-duality condition with α = β then f (z)L satisfies the CY or self-duality condition with α = βf (z).
Proof. In the self dual identity Lβ = (−1) n βL ∨ ,
we introduce f (z) to the left and to the right, and we have
which proves that f (z)L satisfies the sef-duality condition with α = βf (z).
For a monic operator L = ∂ n + n−1 i=0 a i ∂ i , we see that Lα = α∂ n + (nα ′ + a n−1 α)∂ n−1 + · · · , αL ∨ = α∂ n − αa n−1 ∂ n−1 + · · · , and we find that α ′ = −2a n−1 α/n. If e.g. n = 4, then α ′ = −2/3a 3 α and identifying the coefficients of ∂ of Lα = αL ∨ , we see that
. From α ′ = −1/2 a 3 α, we can get α ′′ and α ′′′ . Replacing these values in the identity above we arrive at the following unique independent relation: for k = 0, 1, . . . n−3. The CY (n, k) for even n−k follows from CY (n, k−1) by differentiation, so there are ⌊(n − 1)/2⌋ relations. Here is a Maple program for computing CY (n, k):
For operators in C[z][ϑ] we find the following formula for its dual:
Proof. By the definition of the dual,
holds. As taking duals gives rise to a ring automorphism of
This gives the claim. Proof. We have
Hence, introducing b −1 n to the left and the right of both sides, we see that it is equivalent to Lzb
which proves the lemma.
If (a) or its equivalent (b) holds, then we say that D or L satisfy the Y Y (Yifan-Yang) condition.
Proof. As for every polynomial P we have P (ϑ)z = zP (ϑ + 1), the lemma follows.
This lemma provides the simplest way to check that an operator satisfies the Yifan Yang (YY) condition. It implies that for order 3 and degree m the operator D satisfying the Y Y condition, is of the form
and that for order 4 and degree m is of the form
In general, for odd order n, we have
And by definition of P (z) we get
Hence P (z) = c n (z).
We define the Yifan-Yang class YY n as the class of those operators D of order n satisfying the Y Y condition, and also all the other properties of Calabi-Yau operators. Hence, we see that YY n is a subclass of CY n .
CY-type differential equations of order 3
Let w 0 , w 1 and w 2 be the fundamental solutions of Dw = 0. As usual we define q = exp(w 1 /w 0 ), which we can invert to get z as a series of powers of q. The function z(q) is the mirror map. We will also need the function J(q) = 1/z(q), written as a series of powers of q. The mirror map of a Calabi-Yau differential equation has integer coefficients. See [18, Sect. 2.1] for all the necessary conditions. 3.1. The level. Let z c be the smallest positive root of P (z), usually the radius of convergence of the holomorphic solution w 0 of Dw = 0, and suppose that q c is a root of dz/dq such that z c = z(q c ). Then τ c = τ (q c ) is given by q c = exp(−πτ c ). In this situation we define the level ℓ of the differential equation as 4/τ 3.2. Differential operators in the class YY 3 . Prototypes of CY-type differential equations are those for which J(q) = 1/z(q) is one of the Moonshine functions stated in [10] . Most of the projective normal forms of second order equations of this type were found by the experimental methods stated in [14] . In this section, we illustrate a method to produce YY 3 equations out of them. Therefore, we first recall some further operations on differential equations. Given a differential equation L ∈ C(z) [∂] and an algebraic function g ∈ C(z) alg , we define their tensor product by
Moreover, the symmetric square of L is given by the monic differential equation Sym 2 (L) of minimal degree w.r.t. ∂ whose solutions contain the set
Moreover, we know by [8, Corollary 4.7] that the symmetric square of a CY-type operator of order two is -up to a conjugation with an algebraic function g which is holomorphic at z = 0 -a CY-type operator of order three. Moreover, both operations do not change J(q). Hence, our method is to start with an operator L = ∂ 2 + Q taken from [14] and to look for an algebraic fuction g ∈ C(z)
we are dealing with are fuchsian, i.e. there are pairwise distinct s 1 , . . . , s r ∈ C such that
The points s 1 , . . . , s r , ∞ are called the singularities of L.
Its roots (e 1 , . . . , e n ) are called the exponents of L at z = s. Note, that the exponents of L ⊗ g at z = p are precisely the exponents of L at z = s shifted by the order of g at z = s. For n = 3, the inditial equation reads
where
To produce operators of YY 3 type, we use the following 
and it suffices to prove that
If the exponents of D at z = s are (−a, 0, a), its indicial equation reads
By (8) we see that res z=s a 2 (z) = 3 which implies ord z=s (P (z)) = 2. On the other hand, (8) also implies res z=s (z − s) 2 a 0 (z) = 0 and hence ord z=s (l(z)) = 2 by (6) . If the exponents of D at z = s are 0,
Therefore, res z=s a 2 (z) = and ord z=s (P (z)) = 1. As L is a symmetric square, 5 implies the relation
and res z=s (z − s)a 1 (z) = 0 one directly checks that − ord z=s a 0 (z) = ord z=s l(z) = 1. As the roots of both l(z) and P (z) are precisely the finite singularities of L this gives the claim.
Also note, that if D is as in Lemma 3.1, its number of terms equals the number of finite singularities with exponents 0, 1 2 , 1 plus twice the number of finite singularities with exponents (−a, 0, a) for a ∈ (0, 1) \ {1/2}.
3.3.
Example. All in all, our method to produce YY 3 operators works as follows:
• Take the symmetric square of an operator contained in [14] .
• Apply a transformation z/(cz+1) with c ∈ Q and conjugate with an algebraic function g such that the number of finite singularities is minimal, D is as in Lemma 3.1 and the number of finite singularities with exponents 0,
, 1 is maximal. We illustrate the method for in the following example: Take the operator in [14] corresponding to the moonshine function A70. The finite singularities of its symmetric square L are z = 0, z = ∞ and the roots of the polynomial
The exponents of L are (1, 1, 1) at z = 0, (1/2, 1, 3/2) at each of the roots of p(z) and (−2, −1, 0) at z = ∞. The singularity at infinity can be removed by taking a tensor product with a function which has order 2 at this point. We apply the transformation ϕ(z) = z/(1 − z), which changes the singularities to be z = 0, z = ∞ and the roots of
Now, the exponents are (1, 1, 1) at z = 0, (−2, −1, 0) at z = 1 and (1/2, 1, 3/2) at all other roots pfp(z) and z = ∞. According to Lemma 3.1, tensoring this operator with
yields the operator
which is in the YY 3 class. There are two more possibilities to get YY 3 -operators of the same degree in z. Namely, applying the transformation ϕ(z) = z/(1 + 3z) and tensoring by where applying the transformation ϕ(z) = z/(1 + 3z) and tensoring by
yields the operator Degree 3.
The differential operators D 14A and D 15A are already known but D 11A seems to be new.
Degree 4.
Degree 5.
Degree 6. 
Expanding the integrand in powers of z, integrating term by term, exponentiating and expanding again in powers of z, we obtain q as a series of powers of z. Then, we can invert it to have z as a series of powers of q (the mirror map). The Yucawa coupling is then given by [5, eq. 3.22] , that is
The Table 1 . ℓ-numbers 4.4. The ℓ numbers. Let z c the smallest positive root of P (z) and suppose that q c is a root of dz/dq such that K(q c ) = 0 and z c = z(q c ) (good cases). Then τ c = τ (q c ) is given by c and e = 2α c . We define the numbers:
The motivation for the definition of the ℓ-numbers is to have some characteristics numbers analogous to the geometric invariants (H 3 , c 2 H, c 3 ) of fourth order Calabi-Yau differential equations. First we hint that the ℓ numbers are always integers for all the cases we have calculated them. As our formulas diverge when the differential equation has a conifold period, we only deal with fifth order CY differential equations which have no a conifold period. We show some cases in Table 1 . Has (ℓ 1 , ℓ 2 , ℓ 3 ) a geometric interpretation?. It is very curious that, when we calculate the values of ℓ 1 , ℓ 2 − ℓ 1 and 2ℓ 1 + ℓ 3 , where (ℓ 1 , ℓ 2 , ℓ 3 ) are the ℓ-numbers of the fifth order operator
we obtain the geometric invariants H 3 , c 2 H and c 3 (see [9] and [13] ) of the fourth order operator [9, Table 1 ]
and similar coincidences occur for the fourteen hypergeometric cases [9, Table 1 ]. Thinking about it has lead us to the following conjecture:
Conjecture 4.1. Let y 0 be the holomorphic solution of a fourth order CY differential equation of geometric invariants (H 3 , c 2 H, c 3 ). Let
If we choose C n is such a way that w 0 is the holomorphic solution of a fifth order CY differential equation of ℓ-numbers (ℓ 1 , ℓ 2 , ℓ 3 ), then we have the relations shown in Table 2 .
Assuming the conjecture and using the values in Table 1 , we get the geometric invariants in Table 3 . We see that they agree with those in tables of [9] and [13] or in Van Straten's on-line Database [17] . This supports our conjecture. 
are respectively the holomorphic solutions of a fourth and a fifth order CY differential equation of hypergeometric type, the following expansions hold
and
Although the analytic continuation of A n and B n to A x and B x are not known for the non-hypergeometric cases, we believe that these expansions hold in all cases because they explain the relations in Conj. 4.1. We observe that it seems that (ℓ 1 , ℓ 2 , ℓ 3 ) is the analogue of (H 3 , c 2 H, c 3 ) for the case of fifth order Calabi-Yau differential equations. If we write the hypergeometric cases using the Pochhammer symbol (s) n = s(s + 1) · · · (s + n − 1) instead of binomial numbers:
where (s 1 , s 2 ) are the 14 possible pairs and α the smallest positive integer such that the numbers A n are all integers. Then, from (28) and (29) we get the explicit formulas
and ℓ 1 = 16 sin 2 πs 1 sin 2 πs 2 , ℓ 2 = ℓ 1 (5 + 3 cot 2 πs 1 + 3 cot 2 πs 2 ),
where ζ(s, a) is the Hurwitz ζ-function.
Maple program
The following program obtains the polynomial P (z), the mirror and the Yukawa coupling of fifth order Calabi-Yau differential equations. In addition it also finds the ℓ numbers of good cases. We conjecture that equivalent cases have the same ℓ-numbers. So, if a case is bad then we need to find an equivalent good case.
restart; with(combinat,stirling2):
V:=proc(n) local j; global L; if n=0 then 1; else sum(stirling2(n,j)*z^j*Dz^j,j=1..n); fi; end:
Tz:=proc() global pp,V,L,r,w0,w1,w2,w3,w4,qq,m,T,yc,pol,dg,mfinal,dw,dyc; mfinal:=degree(opd,z); pp:=m->coeff(opd,z,m); print(subs(t=theta,opd)); L:=collect(V (5) ((1-yc) /q,q))/q,q))/q,q)); dg:=convert(series(z*diff(z*diff(w0,z),z)*sqrt(pol(z)),z,51),polynom); end: ele:=proc() global qq0,tt0,vv,alphac,f,h,tauc,zz0,iq0,iv,l1,l2,l3; Digits:=30; iv:=x->1/x; iq0:=sort(map(iv,-[fsolve(diff(m,q)=0,q)])) [1] ; qq0:=-1/iq0; tt0:=evalf(ln(qq0)); if subs(q=qq0,yc)>10^(-6) then return print("Bad case"); else fi; tauc:=1/(Pi^2*subs(q=qq0,convert(series(subs(z=m,dg),q,51),polynom))); f:=evalf(tauc^2); alphac:=evalf(1/Pi^2*(tt0^2/2-subs(q=qq0,q*diff(T,q)))-tauc); h:=evalf((-Pi^2*ln(qq0)*alphac+tt0^3/6-subs(q=qq0,T))/Zeta(3)); l1:=convert(16/f,fraction,6); l2:=convert(16*(6*alphac)/f,fraction,6); l3:=convert(16*(-h)/f,fraction,6); print(l-numbers=[l1,l2,l3]); end: calabi:=proc(); Tz(); ele(); end:
Copy the above code, from a version on-line, and paste it in a Maple session. Suppose that you want to solve the differential equation #355. Then type type355:=proc() global opd; print("type355"): opd:=t^5-2*z*(2t+1)*(43*t^4+86*t^3+77*t^2+34*t+6) +48*z^2*(t+1)*(144*t^4+576*t^3+824*t^2+496*t+105): calabi(): end: type355();
and execute the program.
Calabi-Yau differential operators of order 7 Let
Then using "Zeilberger" in Maple on (notice that the sum is identically zero by symmetry)
and similarly for B, C, D. For these four cases the function y 0 satisfies a CY differential equation of seven order which belongs to the class YY 7 . The first remarkable thing about these four differential equations is that the Yukawa coupling can be written
The other remarkable things are
is the Gromov-Witten potential. The first identity is equivalent to (see [1] , p.484) 
Proof of (a). We have
,
by the first identity.
Proof of (b). We have
As above we get
6.1. Case A. In this case we find the 7 th order differential operator
To get an explicit formula for a n one differentiates a n = A(n)
where H 0 = 0 and H n = 1 + 1/2 + · · · + 1/n is the harmonic number for n ≥ 1.
6.2. Case B. In this case a n = 2n n 3n n n k=0 2k k 2 3k
The operator corresponding to the differential equation is
And the instanton numbers n 1 = 1485, n 2 = 9853515 8 , n 3 = 2555194005, n 4 = 8549298943740, . . .
Case C.
Here
And the differential operator is The instanton numbers are n 1 = 29400, n 2 = 277414560, n 3 = 7671739956480, n 4 = 346114703998148120, . . .
Case D.
For this case, we have a n = 3n n 6n 3n
The corresponding Calabi-Yau operator is with n 1 = 768, n 2 = −136800, n 3 = 35597568, n 4 = −5313408000, . . . .
Trying to make a similar transformation of cases B, C, D does not work. We finally mention that S. Reiter sent us ten other examples of operators in YY 7 (unpublished).
Conclusion
Calabi-Yau differential equations are important by themselves and their interest in relation with the series for 1/π and 1/π 2 of Ramanujan-Sato type was explained in [5] . A recent interesting idea related to this relation is in [12] , and in some cases it leads to completely modular-free proofs of Ramanujan-type series for 1/π. Finally we want to observe that we have noticed an error in [4, Table-δ]: We suspected that the numbers e and f of that table were wrong because they lead to non-integers values of the ℓ-numbers. We now know that we were right, and that the error was due to the fact that for the case A * δ, we confused a "divergent" series with the limit case at the radius of convergence. In fact we have discovered that instead of a limit case, it was the "divergent" series associated to the supercongruences where p > 3 is a prime number. Although we are unable to determine the true values of ℓ 1 , ℓ 2 , ℓ 3 of this bad case, we guessed that h = −ℓ 3 /ℓ 1 = 9/2 which is all we need to find the formulas for 1/π 2 (see [4] and [5] ).
